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D. Bump's notes on the Poisson Summation Formula'

[These are taken from p.1-2 of Bump's notes on the Riemann zeta function.]

Let f be an L! function on R. Then the Fourier transform of f is defined by
flz) = f J{y) €2V dy.
-0

Proposition 1. If f(z) = ¢~ then [ = f.
ProoF. Completing the square,

oo

Flz) =™ / e+ gy

-0

It is easy to justify moving the line of integration by Cauchy's theorem, and

oo oQ
fc'"(”+i:)2dm= /e_"”2 dy.
—o0

— 00
This integral equals one, since it's square equals
./ e~ da dy,
rR?
which is easily evaluated by switching to polar coordinates. [

Proposition 2 (Poisson summation formula). Suppose that [ isa smooth funclion
such that (1 + 22} f(z) is bounded for all N. Then

(1) Yo fin)= 3 fn)

n==00 n=—000

PROOF. We introduce the auxiliary function
o0

F(z) =) flz +n).
ol = =]

This is absolutely and uniformly convergent, and is a smooth function with period 1. It
therefore has a Fourier expansion:

o
F(z) = Zam g 2rime,
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-o0

We evaluate the coefficients

o n=-o°

1 1 3
By /F(m) ezwimzdm — / Z f(.’L'+ﬂ-) e21rim= az.
)]

Since e2mmT = 2%im(z+n) we may collapse the summation and the integration, and
write )

S ] J(z)2"im= dz = f(m).

Now

Fz) = f(m)e ™.

Putting = = 0 we obtain (1). [

Although in the explanation above, the Poisson Summation Formula is presented as
a straightforward result of Fourier analysis, it is possible to interpret it as a kind of
simple "trace formula" on a torus. This is outlined in:

H.P. McKean, "Selberg's trace formula as applied to a compact Riemannian
surface", Communications in Pure and Applied Mathematics 25 (1972) 225-246.

The PSF is seen in this context as relating the spectrum of the Laplacian on a torus
to the lengths of its closed geodesics. This interpretation allows for generalisation,
as the torus is a compact Riemann surface of genus 1. A general genus n compact
Riemann surface also has a Laplacian spectrum and a set of shortest path lengths
in each deformation class, and it turns out that these sets of values can be related
according to an analogous formula, essentially the Selberg trace formula.
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